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 ABSTRACT: The entropy generation of a fully developed laminar flow in a hexagonal duct is investigated in 

this study. A constant heat flux condition was applied in this analysis. Two fluids, water and engine oil, were 

used to study the effect of fluid properties on the entropy generation. The fluid properties were evaluated using  

average temperature between inlet and outlet duct sections. The aspect ratio of the hexagonal duct was varied 

to show its effect on the entropy generation. Attention was also given to the supplied heat flux affecting the 

entropy generation. Finally, the entropy generation calculated from the hexagonal duct was compared with that 

from rectangular and circular ducts having the same hydraulic diameter and cross sectional. Entropy 

generation in fully-developed flow through a duct with heat transfer is discussed. Methods are presented to 

minimize entropy generation by adjusting the shape of the duct’s cross-section. Choosing a different cross-

sectional shape allows for control of the competing fluid flow and heat transfer irreversibilities. By controlling 

the competing irreversibilities, the total entropy generation rate can be minimized. Given the flow rate, heat 
transfer rate, available cross-sectional area, and the fluid properties, a general design correlation is presented 

that allows for a determination of the optimal shape of a duct. area.  

 

I. INTRODUCTION 
The entropy generation of a fully developed laminar flow in a hexagonal duct is investigated discussed 

in this study. 

 A constant heat flux condition was applied in this analysis. Two fluids, water and engine oil, were used 

to study the effect of fluid properties on the entropy generation. The fluid properties were evaluated using 

average temperature between inlet and outlet duct sections. The aspect ratio of the hexagonal duct was varied to 

show its effect on the entropy generation.   

In the present study, the entropy generation for fully developed laminar convection through a hexagonal duct 

with constant heat flux is investigated. Water and engine oil are the fluids used to observe the significance of 
fluid viscosity and fluid properties on the entropy generation. Effects of aspect ratio and heat flux on the entropy 

generation are studied. Based on the same hydraulic diameter and cross-sectional area, the entropy generation 

for the hexagonal duct is compared to those for rectangular and circular ducts. 

Forced convection heat transfer in a flow passage is affected by two types of losses,   namely, loss 

associated with heat transfer through a temperature difference and loss associated with fluid friction. Entropy 

generation minimization has been proposed as a criterion for the design of flow passages in internal flow forced 

convection heat transfer configurations. Because entropy is generated by friction   encountered in flowing fluids 

and by heat transfer through a temperature difference, a calculation of the overall entropy generation allows for 

an evaluation of these losses on a common scale. Moreover, because the entropy generation is a direct measure 

of the irreversibilities associated with heat transfer and fluid friction, the overall performance of a device 

containing heat transfer passages can be improved by calculating and minimizing the total entropy generation of 
the convective heat transfer process.  A few past studies have attempted to compare the entropy generation in 

ducts with different cross-sectional shapes and to determine the cross-sectional shape that will yield minimum 

entropy generation [10–12]. Sahin finds that for high   Reynolds number flows where fluid friction 

irreversibility dominates, the optimal shape for a flow channel is the circular shape in both laminar flow with a 

constant wall temperature [10] and in turbulent flow with constant wall heat flux [11].  

 

II. ENTROPY GENERATION IN STEADY STATE FLOW THROUGH DUCTS. 
In this section, the formulation of entropy generation equation is derived. All thermal  properties are 

assumed to be uniform along the duct. The development of the entropy   generation equation can be started by 
considering the fluid, which flows through a constant cross-sectional area duct, subjected to constant heat flux, 
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as shown in Fig. 1. From the energy balance of the control volume of length dx, the heat transfer rate to the fluid 

inside the duct is: 

 
Nomenclature for entropy generation 

b, c, d       duct sides, m 

cp             specific heat, J/kg K 

Dh            hydraulic diameter, m 

f                friction factor or Darcy friction factor 

h               heat transfer coefficient, W/m2 K 

k               thermal conductivity, W/m K 

L               duct length, m 

m              mass flow rate, kg/s 

Nu            Nusselt number 

p               pressure, Pa 

P               perimeter, m 

q"             heat flux, W/m2 

Q              heat rate, W 

Re            Reynolds number 

s               specific entropy, J/kg$K 

S              entropy rate, W/K 

St             Stanton number 

Greek symbols 

ΔT    wall-bulk fluid temperature difference (T w-T) 

γ       aspect ratio of hexagonal duct 

         dimensionless entropy generation 

θ       hexagonal duct angle, degree 

ρ       fluid density, kg/m3 

τ       dimensionless temperature difference               (τ=ΔT/T) 

μ      absolute viscosity, kg/m s 

Superscripts 
-             

quantity per unit mole 

Subscripts 

gen     generation 

i          inlet 

o         outlet 

w        wall 

 

Nomenclatures for  Entropy generation minimization 

A       cross-sectional area 

Bo     duty parameter 

Cf      coefficient in friction factor 

Ch     coefficient in Nusselt number 

cp      specific heat 

Dh     hydraulic diameter  

dT 

dx      axial temperature gradient 

f        Darcy friction factor 

k       thermal conductivity 

m    mass flow rate 

Nu    Nusselt number 

P      perimeter 

Pr    Prandtl number 

q'     heat transfer rate per unit length 

RA    area based Reynolds number 

Re   Reynolds number 

Sgen entropy generation per unit length 

T       temperature  

Greek 

α      exponent in Nusselt number 

β      exponent in Nusselt number 

γ       exponent in friction factor 

μ      viscosity 

ρ      density 

ϕ      irreversibility distribution ratio 

χ       shape factor 

Subscripts 

opt   at the optimum 

min   minimum value 
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Entropy generation minimization by adjusting the shape of the cross section: 

 

III.  ENTROPY GENERATION IN STEADY-STATE FLOW THROUGH DUCTS: 
Consider the general internal flow configuration shown in Fig. 1. Fluid flows through a duct with a 

cross-sectional area A, a perimeter P, and a hydraulic diameter Dh = 4A/P. The shape of the crosssection is 

arbitrary but constant over the entire length of duct. A single-phase, incompressible and Newtonian fluid flows 

through the duct with a mass flow rate m at a bulk temperature T. Heat is transferred to the duct at a rate (per 

unit length) of q'  , through the duct wall to the fluid across a temperature difference ΔT. Following Bejan [2], 

for T<<T, the entropy generation rate per unit length is given by 

 

             (1) 

 

where Nu, f, q', and k are the Nusselt number, the Darcy friction factor, the fluid density, and the fluid thermal 

conductivity, respectively. 
 

Nu= Ch Reα Pr
β                                                     (2) 

f =   Cf Re-γ                                               (3) 
 

Using the same notation as Ratts and Raut [4], the Nusselt number and friction factor for fully-developed 

laminar or turbulent flow are generalized as 

 

where Re=mDh/Aμ is the Reynolds number, Pr is the Prandtl number, and μ is the viscosity. The 

parameters Ch, Cf, α, β, and γ are tabulated in Table 1 for the circular cross-section and for rectangular and 

elliptical cross-sections with varying aspect ratios [13]. Additionally, in Table 1 the shape factor, defined as χ= 

P/Dh or χ=P2/4A = 4A/Dh2 , is shown for each cross-section. The shape factor is used throughout the following 
analysis and in the interpretation of results. 

After substitution of Eqs. (2) and (3) into Eq. (1), the entropy generation rate is given by 

 

 

    (4) 
 

IV.  DUCTS WITH SPECIFIED CROSS-SECTIONAL SHAPE 

First, consider the entropy generation in a duct while holding constant the flow rate, the heat transfer rate, and 

the fluid properties. Assume that the channel has a specified cross-sectional shape; that is, χ is specified. 

Entropy generation can then be minimized by choosing the optimum cross-sectional size for the duct. For any 

duct with a specified shape factor, the size is determined 

by either the hydraulic diameter or the cross-sectional area, since these parameters are related through the shape 
factor χ= 4A/Dh2  

Furthermore, the definition of the shape factor is used to write. 

 

      Re=4m/ χ μDh                    (5) 

 

 For a constant flow rate, fluid properties, and cross-sectional shape, Eq. (5) shows that the Reynolds 

number can only be varied by changing the size of the cross-section (through changes in the hydraulic diameter). 

Thus, the optimum cross-sectional size can be found by determining the Reynolds number that minimizes 

entropy generation. Using the definitions for the shape factor and Reynolds number, and substituting into Eq. (4), 

    (6) 
         

The only parameter not held constant in the above equation is the Reynolds number. Differentiating 

and setting the result equal to 

zero, one finds that the optimum Reynolds number is given by 
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    (7) 

where 

                  (8) 
 

is the duty parameter. From the optimum Reynolds number, the optimum irreversibility distribution 

ratio (entropy generation due to fluid frictional losses divided by entropy generated by heat transfer through a 

temperature difference, or, the last term in Eq. (6) divided by the first term in Eq. (6) evaluated at Reopt) is 

evaluated as 

                     (9) 
 

Finally, the departure of the entropy generation from the optimum is evaluated as, 

    (10) 

 

where S'gen,min  is the minimum entropy generation rate evaluated when Re = Reopt. 

Once the shape of the cross-section (the shape factor) is chosen, the generalized results above can be 

used to find the optimum Reynolds number (or equivalently, the optimum size of a cross-section), the optimum 

irreversibility distribution ratio, and the departure of the entropy generation from the optimum, provided that the 

friction factor and Nusselt number correlations are known and can be described by Eqs. (2) and (3). 

 
 

V. DUCTS WITH A FIXED CROSS-SECTIONAL AREA 

Now consider a similar situation, where the entropy generation is minimized in a duct flow with 

constant flow rate, constant heat transfer rate per unit length, and while holding the fluid properties constant. 

Consider a channel with a specified cross-sectional area, A, and  minimize entropy generation by choosing the 

optimal crosssectional shape or shape parameter, χ , for the duct.  

  Once again, using the definitions of the shape factor and the Reynolds number, Eq. (4) can be 

arranged to read 

 

   (11) 

Furthermore, the Reynolds number is 

               (12) 

 
Holding constant the fluid properties, the heat transfer rate, the flow rate, for a duct with a fixed cross-

sectional area, and assuming that the coefficients and exponents in the Nusselt number and friction factor 

correlations are only weakly dependent on the shape of the cross-section, the only variable in Eq. (11) is the 

Reynolds number. The Reynolds number can only vary with variations in the shape of the cross-section.  To 

determine the optimal Reynolds number, or equivalently, the optimal shape for a cross-section, differentiate 

with respect to the Reynolds number and set the result equal to zero. This gives 

 

  (13) 
where RA is a Reynolds number based on the area of the cross-section, defined by 
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              (14) 

An optimal shape factor for a given flow configuration is evaluated from Eqs. (12) and (13) as 

  (15) 
 

 

Finally, while holding the cross-sectional area constant, the optimum irreversibility distribution ratio and the 

departure of entropy generation from the minimum are given by 

                              (16) 

              (17) 
 

VI. RESULTS AND DISCUSSION 

In this section, the entropy generation due to heat transfer and viscous friction is investigated for fully 

developed laminar flow in the hexagonal duct with constant heat flux forwater and engine oil. Some parameter 

values, employed in the calculations for both fluids, are shown in Table 1. 

 

 
Fig. 2. Relating variables of (a) hexagonal and (b) rectangular ducts. 

 

 
 

In the analysis, the calculations started with finding the fluid outlet temperature, in which the constant 

specific heat of the fluid was initially assumed (for example, cp = 4186 J/kgK for water). The average of the 

mean fluid   temperature was found based on the initial specific heat. Next, the new specific heat value was 

determined based on the calculated mean temperature. The new outlet temperature of the fluid was calculated 

again using new specific heat value. The iterative procedure was continued until the difference of the average 
mean  temperature taken from the last two iterations was less than 0.1 K. The specific heat and outlet 

temperature in the last iteration were adopted. For fully developed laminar flow through the  hexagonal duct 

with constant heat flux, the Nusselt number and the fanning friction factor (the friction factor is four times 

greater than the fanning friction factor) are available in [18]. According to the reference, at a specific q (see Fig. 

2a), both parameters are dependent on the aspect ratio, g. Finally Eq. (12) was used to calculate the entropy 

generation. If the dimensionless of the entropy generation is  preferred, Eq. (13) can be employed. 
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6.1. The comparison of the entropy generation between water and engine oil 

 

Table 2 The comparison of entropy generation components for water and engine oil at γ = 1.5. 

 
 

Table 2 shows the comparison of the entropy generation due to heat transfer and viscous friction for 

water and engine oil at γ =1.5. 

Moreover, the dimensionless entropy generation is also expressed in the last column. From Table 2, it 

can be observed that the entropy generation due to heat transfer contributes to almost 100% in the total entropy 

generation. Similar result was also observed by Ben-Mansour and Sahin [19] for a circular pipe. When the 

results from both fluids are compared, the total entropy generation for the case of engine oil is higher than that 

for the case of water. Considering only the entropy generation due to heat transfer for engine oil, it is higher 

than that for water. Similarly, the entropy generation due to viscous friction for engine oil is higher than that for 

water. To investigate the reason, Eq. (12) has to be carefully considered. Although the same heat flux was 
supplied to both fluids, the outlet temperature for water and engine oil was different because of the difference in 

the specific heats. As mentioned, at a specific q, the Nusselt number is a function of the aspect ratio.  Therefore, 

the same duct geometry for both fluids results in the same Nusselt number. Engine oil has lower specific heat 

value than that of water. 

Therefore, with the same heat flux and inlet temperature, the outlet temperature of engine oil is higher 

than that of water. However, the thermal conductivity of engine oil is lower than that of water. The 

multiplication result leads to a lower denominator of the first term in Eq. (12) for the case of engine oil, 

compared with that for the case of water. As a result, the entropy generation due to heat transfer in the case of 

engine oil is higher than that in the case of water. Considering the entropy generation due to viscous friction, 

high viscosity in the case of engine oil causes this entropy generation to dramatically increase. The entropy 

generation due to viscous friction for the engine oil is about 530 times that for water, while the viscosity of 
engine oil is 424 times that of water. The total entropy generation for water and engine oil, calculated according 

to the above condition, are 2.90 x  10-1 W/K and 1.21 W/K, respectively. When these values are converted to 

dimensionless entropy generation, these become 1.39 x 10-3 and 3.10 x 10-2,  respectively. 

 

6.2: The effect of duct aspect ratio and supplied heat flux  

The aspect ratio of the duct was varied from 0.25 to 3.50 to study its effect on the entropy generation. 

The parameter c was fixed at 0.04 m. Since the duct aspect ratio changed, the parameter b also changed. The 

parameter d was computed using Eq. (16) with a fixed θ =75º and varied value of the aspect ratio. The values of 

the parameters, shown in Table 1, were used again in these calculations.  

Fig. 3 shows the dimensionless entropy generation forwater and engine oil. It can be observed that the 

entropy generations for both fluids rapidly decrease when the aspect ratio increases. However, when the aspect 

ratio is higher than 2.0, the dimensionless entropy generations for both fluids are nearly constant. The reason is 
that when the parameter cis fixed, increasing the aspect ratio reduces the perimeter and hydraulic diameter. 

Consequently, the surface area of the duct is decreased. Even though the heat flux supplied to the fluid is 

constant, the total heat rate reduces because of a decrease in the heat transfer area. From Eq. (11), reducing the 

total heat rate significantly causes a decrease in the total entropy generation. If Eq. (12) is considered, the same 

result (decreasing the entropy   generation) is caused by the decreasing duct perimeter and hydraulic diameter. 

However, the above explanation should be considered with the fact that the entropy generation due to viscous  

friction has insignificant effect on the total entropy generation, as previously discussed. For an aspect ratio 

higher than 2.0, increasing the aspect ratio results in a slowly decreasing duct perimeter. Therefore, the total heat 

rate slightly decreases and this event results the small variation in the total entropy generation. Moreover, if the 

result presented in Fig. 3 is carefully considered, it can be noticed that the dimensionless entropy generation for 

each fluid has a minimum value. The minimum     dimensionless entropy generation for the case of water and 
the case of engine oil takes place at the aspect ratio of 2.642 and 2.627, respectively. The effect of heat flux on 

the entropy generation was also investigated.Water is the fluid used for this study. The parameters, given in 

Table 1 were again utilized, except for the heat flux. The 

heat flux was varied from 1000 W/m
2
 to 3600 W/m

2
 with an increment of 200 W/m

2
. The change in the 

dimensionless entropy generation was observed. Fig. 4a presents the result for the aspect ratio less than 2.642 

(the minimum point), while Fig. 4b shows the result for the aspect ratio higher than 2.642. The figures clearly 

show the existence of a minimum point. For Fig. 4a, at a specific heat flux when the aspect ratio increases, the 

dimensionless entropy generation decreases. However, when the aspect ratio is higher than 2.642, the value of 
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dimensionless entropy generation increases with increasing aspect ratio, as shown in Fig. 4b. For the effect of 

heat flux on the dimensionless entropy generation, both 

figures obviously illustrate that the heat flux has a strong influence on the entropy generation. At a high 

value of heat flux, the dimensionless entropy generation seems to linearly increase when 

heat flux increases. 

 

 
Fig.3. The dimensionless entropy generations for water and engine oil versus duct aspect ratio. 

 

6.3: The comparison of the entropy generations for hexagonal duct and duct with different geometries:    

In this section, the entropy generation for the hexagonal duct is compared with that for ducts having 

different geometries (rectangular and circular ducts). Two cases are considered. For the first  case, the hydraulic 
diameter is the same for all duct geometrics. For the second case, the cross-sectional area is the same. The 

Nusselt numbers and the friction factors for the rectangular and circular ducts are available in [20]. 

 

 
Fig. 4. The dimensionless entropy generation versus supplied heat flux, (a) for γ <=2:642, (b) for   γ  <= 2:642. 

 



Entropy generation analysis for fully… 

www.ijesi.org                                                  24 | Page 

Considering the first case (the same hydraulic diameter) the parameters, shown in Table 1, were used 

again in the calculation. The hydraulic diameter for different geometries was adjusted to make them have the 

same values. For example, for the rectangular duct, one side was fixed to be equal to 2c (see Fig. 2b). The other 

side (2X) was calculated according to the equivalent hydraulic diameter condition. In the case of circular duct, 

its diameter was set to have the same value as hydraulic diameter of hexagonal duct. The calculationwas carried 

out and the result is shown in Fig. 5. The figure shows that, with the same hydraulic diameter, the circular duct 

is the best for this comparison. The use of circular duct results in the lowest dimensionless entropy generation 
through this examination range.  

 

 
 

Fig. 5. The comparison of the dimensionless entropy generation for hexagonal, rectangular, and circular ducts 
with the equivalent hydraulic diameter condition. 

 

For the hexagonal and rectangular ducts, the dimensionless entropy generations are not much different 

and they are slightly higher than that of circular duct for lower hydraulic diameter. However, when the hydraulic 

diameter increases, the dimensionless entropy generations for the hexagonal and rectangular ducts substantially 

increase and diverge from that of circular 

duct. 

 

 
 

Fig. 6. The comparison of the dimensionless entropy generation for hexagonal, rectangular, and circular ducts 

with the equivalent cross-sectional area condition. 

 

From the comparison, it can be implied that the circular duct is better than the rectangular and 

hexagonal ducts if the comparison is based on the entropy generation. The rectangular geometryis an inferior 

choice. This conclusion has also been mentioned in [6]. For the hexagonal duct, its dimensionless entropy 

generation is generally less than that of the rectangular. Nevertheless, for Dh < 0.036 m, the rectangular 

geometry is a little better than hexagonal geometry in the context of thermodynamic irreversibility. The circular 

duct gives the lowest dimensionless entropy  generation. High thermodynamic irreversibility was observed from 

the case of the rectangular duct. For the hexagonal geometry, it has the dimensionless entropy generation higher 
than that of the circular geometry, but generally less than that of the rectangular one. 
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6.4 Ducts with specified cross-sectional shape: 

Bejan determined the entropy generation, the irreversibility distribution ratio, and the departure of the 

entropy generation from the minimum for a circular cross-section in both laminar and turbulent flow [3]. In 

Bejan’s analysis with the circular tube, the mass flow rate, the heat transfer rate per unit length, and the fluid 

properties were held constant and the tube diameter was adjusted to minimize entropy generation. Using the 

values from Table 1 in Eqs. (7) and (9) for the circular tube carrying laminar flow, one finds that Reopt = 0 and 

that ϕopt = 0. As suggested by Bejan, for a circular tube with laminar flow, the tube diameter should be large 
enough so that the entropy generation is dominated by the heat transfer contribution, which will result in a small 

value for the irreversibility distribution ratio, ϕ. As discussed above, this behavior for laminar tube flow is 

confirmed by the generalized expression in Eq. (9).  

 

Using Table 1 and Eqs. (7), (9), and (10) for turbulent flow in a circular tube, the following are 

evaluated: 

 

                                              (18) 
  

                                                (19) 
 

  
                                      (20) 

 

These equations are identical to those of Bejan. In both laminar and turbulent flow in circular tubes, the 

generalized results presented here reduce to expressions that are identical to the expressions derived by Bejan 

for circular tubes.  

The generalized expressions in Eqs. (7), (9), and (10) can be used to determine the optimal size (to 
minimize entropy generation) of ducts with any cross-sectional shape, provided that the   information contained 

in Table 1 are known for the flow through the particular cross-section chosen.  
 

 
Fig.2. The shape factor that minimizes entropy generation for flow in a duct with specified flow rate, heat 

transfer rate, cross-sectional area and fluid properties. The figure is generated for circular, χ = π, and rectangular 

χ = 4.5 and χ =10.125, cross sections in laminar and turbulent flow. The figure is for fluids with Pr = 0.7. 
 

 
Fig. 3. The shape factor that minimizes entropy generation for flow in a duct with specified flow rate, heat 

transfer rate, cross-sectional area and fluid properties. The figure is generated for circular, χ = π,, and elliptical, χ 

= 5.79 and χ = 19.71, cross sections in laminar and turbulent flow. The figure is for fluids with Pr = 0.7. 
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6.4: Ducts with a fixed cross-sectional area 

For the case of internal convective heat transfer in a duct with a specified cross-sectional area, Eq. (15) 

is used to determine an optimal shape factor (a shape factor that minimizes entropy   generation). To illustrate 

the determination of the optimal shape, results from Eq. (15) are presented graphically in Figs. 2 and 3.  

 Eq. (15) can be manipulated to give  

 

                            (21) 
 

As shown in Figs. 2 and 3,  Eq. (15) results in straight lines on logarithmic scales when the parameters are 

plotted on the abscissa and ordinate,   respectively. 

 

                                            (22) 
 

 
Fig. 2. The shape factor that minimizes entropy generation for flow in a duct with specified flow rate, heat 

transfer rate, cross-sectional area and fluid properties. The figure is generated for circular, v = p, and 

rectangular, v = 4.5 and v = 10.125, crosssections in laminar and turbulent flow. The figure is for fluids with Pr 

= 0.7. 

 
 

 
Fig. 3. The shape factor that minimizes entropy generation for flow in a duct with specified flow rate, heat 

transfer rate, cross-sectional area and fluid properties. The figure is generated for circular, v = p, and elliptical, 

v = 5.79 and v = 19.71, crosssections in laminar and turbulent flow. The figure is for fluids with Pr = 0.7.   
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 Eq. (21) shows that, regardless of the shape of the cross-section, the slope of the lines on the plot will 

be constant and will be determined by the exponents in the Nusselt number and friction factor correlations 

(although the slopes for laminar and turbulent flow may be different from one another). Fig. 2 was generated 

using the exponents and coefficients for the Nusselt number and friction factor correlations in Table 1 for the 

circular tube and the rectangular cross-sections. Fig. 3 was generated using the values in Table 1 for the 

elliptical cross-sections. Although the lines in Figs. 2 and 3 have a constant slope regardless of the shape of the 

cross-section, both the shape factor and the value of the Prandtl number (Figs. 2) and 3 were generated for Pr = 
0.7) of the fluid will shift the position of the line on the plane. Most importantly, if one considers a flow with a 

constant heat transfer rate per unit length and with constant fluid properties, the parameter on the horizontal axis 

scales directly with the cross-sectional area of the duct and the parameter on the vertical axis scales directly with 

the mass flow rate. For a particular convective flow with a given heat transfer rate, as soon as the flow rate and 

cross-sectional area are chosen, Figs. 2 and 3 can be used to determine the optimal shape factor. By way of 

example, consider a convective flow for which Pr = 0.7, (Bo/RA)2 = 1012, and Bo = 1010, and assume that we will 

use either a circular cross-section or a rectangular cross-section. In Fig. 2, this flow is represented by a point 

near the turbulent flow line of constant χopt =π. These results would suggest that, for this particular flow, a 

circular cross-section (with χopt =π) is the optimal cross-section to minimize entropy generation.  

 Now consider the same flow, however, double the available cross-sectional area. The flow parameters 

are now Pr = 0.7, (Bo/RA)2 = 2 x 1012, and Bo=1010. Notice that by increasing only the cross-sectional area we 
move horizontally to the right in Fig. 2 Eq. (22) shows that Bo remains constant after changing only the area). 

With an available cross-sectional area that is twice as large as in the previous example, the optimal shape factor 

is near χopt= 10.125, suggesting that a rectangle with an aspect ratio of 8 is an optimal shape of the cross-section 

for the larger flow area duct rather than the circular cross-section. When the available cross-sectional area of the 

flow channel is doubled, the resistance to flow in the duct is reduced, thereby reducing the entropy generation 

associated with fluid friction. However, Eq. (16) indicates that in both examples above, the optimal  

irreversibility distribution ratio is  

 

                                                    (23) 
 

for these turbulent flows. To maintain this optimal irreversibility distribution ratio after an increase in 

the cross-sectional area (and the associated reduction in fluid friction), the entropy generation associated with 

heat transfer must also be  reduced. The reduction in entropy generation associated with heat transfer is 
accomplished by choosing a cross-section with a larger  perimeter compared to its cross-sectional area (a cross-

section with a larger shape factor). Choosing a cross-sectional shape with a large perimeter increases the surface 

area available for heat transfer, reducing the entropy generation associated with heat transfer and restoring the 

balance required by Eq. (23) for minimum entropy generation. This example is continued by now considering a 

flow with half the available cross-sectional area as in the original example, so that Pr = 0.7, (Bo/RA ) 2 = 5 x 1011, 

and Bo = 1010. Referring again to Fig. 2, we find ourselves at a point to the left of the constant χopt = π line. 

From Eq. (15), one calculates for these flow parameters, χopt  = 0.48. Because the circular cross-section has the 

smallest possible shape factor with χopt = π, a circle would be used in this flow configuration to minimize 

entropy generation, although the true minimum could never be achieved. Figs. 2 and 3 show that flows with 

small flow rates generally require channels with larger shape factors to minimize entropy generation. For 

convective heat transfer with a low flow rate in a channel with a large cross-sectional area (the lower right 
portions of Figs. 2 and 3), the contribution to the total entropy generation by fluid friction is relatively low. In 

this situation, the total entropy generation is dominated by entropy generation due to heat transfer. To minimize 

entropy generation, the shape factor can be increased by introducing a geometry with more surface area 

available for heat transfer.  

Next, consider an adiabatic flow , for which q́ =0. Circular or nearly circular cross-sections are used 

throughout engineered and natural systems to transport fluids while minimizing flow losses (flow resistance) in 

adiabatic flows [14]. In the case of an adiabatic flow, Bo = 0. In either laminar or turbulent flow, Eq. (15) 

suggests that  χopt = 0 for the adiabatic flow case. Again, because the smallest possible shape factor can be 

achieved with the circular cross-section, the entropy generation minimization analysis of Eq. (15) suggests that a 

circle is the most efficient cross-section for adiabatic flow. 

 Although Eq. (15) does reproduce the well-known result that the circular cross-section is the optimal 

shape for adiabatic flow through a duct, the entropy generation minimization presented here also provides a new 
result for ducts with forced convection heat transfer. The correlation in Eq. (15) and the examples shown 
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above suggest that for flows dominated by heat transfer irreversibility (i.e., flows with large heat transfer rates, 

small flow rates, and large available cross-sectional area, or equivalently, flows with large Bo and small RA) the 

circular cross-section is not ideal and large aspect ratio channels should be used to minimize entropy generation. 

 

VII. CONCLUSIONS 
 The entropy generation for fully developed laminar convection through a hexagonal duct with constant 

heat flux is investigated. The result shows that the fluid properties strongly affect the entropy generation. The 

total entropy generation, for the case of engine oil, is about 4.2 times of that for the case of water. The analysis 

indicated that when the aspect ratio increases, the dimensionless entropy generation decreases. This is because, 

at constant heat flux, when the parameter c is fixed and the aspect ratio increases, the total heat transfer rate 

decreases. Consequently, the entropy generation due to heat transfer reduces. However, for aspect ratio that are 

higher than 2.642 and 2.627 (for the case of water and engine oil, respectively), the dimensionless entropy 

generation slightly   increases with increasing aspect ratio. The comparison, based on the same hydraulic 

diameter and crosssectional area conditions, illustrates that the circular duct has the lowest dimensionless 

entropy generation, while the rectangular geometry generally causes the highest dimensionless entropy 

generation. For the case of the hexagonal duct, its dimensionless entropy generation is usually in the middle. 
Entropy generation in fully-developed convective heat transfer has been investigated. Generalized correlations 

to determine the optimum cross-sectional shape of a flow passage to minimize entropy production have been 

presented. The equations confirm the well-known conclusion that in adiabatic flow, the circular crosssection 

will minimize flow resistance, which is reflected by a minimization of the entropy generation. However, in 

flows with heat transfer, the correlations developed suggest that the circular cross-section may not always be 

ideal. In situations where the heat transfer irreversibility dominates (with low flow rates, large available cross-

sectional areas, and high heat transfer rates), a duct with a large wetted perimeter (for example, a rectangular 

channel with a large aspect ratio) will increase the surface area available for heat transfer and will minimize the 

overall entropy generation. 
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